The official Iranian calendar is a solar one that in both the length and the first day of its year is based not on convention, but on two natural (i.e. astronomical) factors: a) the moment of coincidence of the centre of the Sun and the vernal equinox during the Sun's apparent revolution around the Earth; and b) the time length between two successive apparent passages of the Sun's center across that point. These factors give this calendar the chance that 1) its beginning is the beginning of natural solar year, 2) its length is the length of solar year, and 3) the length of its months is very close to the time of the Sun's passage across twelve signs of the Zodiac from Farvardin/Aries to Esfand/Pisces. In this paper it would be shown that a) discussions concerning these facts have their own historical backgrounds, and b) up-todate computations, being based on choosing the tropical year (i.e. 365.24219879 days) as the length of the calendar year, give the best possible intercalation with its specific system of leap years. Thus, on the grounds of historical documents, astronomical data, and mathematical calculations, we establish the Iranian calendar with the highest possible accuracy, which gives it the unique exemplary place among all calendars. Introduction A lunar, solar, or lunisolar calendar is a device for time reckoning on the basis of two time intervals for two revolutions: the Moon's and the Sun's revolution (either real or apparent) around the Earth. Accordingly, one obtains two important time intervals, lunar month and solar year, both having several types according to the point of reference or the position of the observer. Making use of the length of the terrestrial day (i.e. the time interval of a revolution of the Earth around its axis, being 24 hours) as a measure, both time intervals are not integers, while both month and year in a calendar must contain integer numbers of days. This factor makes a proper system of intercalation necessary for a good calendar.
Introduction
A lunar, solar, or lunisolar calendar is a device for time reckoning on the basis of two time intervals for two revolutions: the Moon's and the Sun's revolution (either real or apparent) around the Earth. Accordingly, one obtains two important time intervals, lunar month and solar year, both having several types according to the point of reference or the position of the observer. Making use of the length of the terrestrial day (i.e. the time interval of a revolution of the Earth around its axis, being 24 hours) as a measure, both time intervals are not integers, while both month and year in a calendar must contain integer numbers of days. This factor makes a proper system of intercalation necessary for a good calendar.
There are some other factors, as fundamental elements, playing important roles in calendars. We insist on four important fundamental elements in efficient calendars: 1) the length of the calendar year; this length, having a direct or indirect relation with the non-integer length of the true astronomical year, allows to determine the intercalation system of the calendar; 2) the first day of the year of the calendar; 3) the first year of the calendar; this element may be extended as the first day of the first month of the first year of the calendar (= epoch); 4) the main division of the year; a nearly 30 days month has proved to be the most appropriate division of the year according to the facts that a) the length of a solar year is nearly 12 times of a lunar month, and b) there are 12 zodiac signs traversed by the Sun in its apparent revolution around the Earth.
1 Generally, therefore, both lunar and solar years are divided into 12 months. Each month contains an integer number of days (a day being a time interval equal to 24 hours). Since the length of the year (both lunar and solar) is not an integer (i.e. an integer plus a day fraction), it does not include 12 months each with an integer number of days. But, as will be seen below, the calendar year in a sense must contain an integer number of days. This fact has led to recognize two kinds of years: ordinary year and leap year. Accordingly, the calendars 1. The four elements mentioned have been inferred by the author from his comparative study of result of different important calendars. Other researchers may prefer some other elements. For example, Farid Ghasemlu has preferred to eliminate "the first day of the year" and, instead, to choose the "day" as the first element (see Farid Ghasemlu, Taghvim va Taghvimnegari (= Calendar and Calendar Compiling), (Tehran, 1388/2009), 6-8. need a system of intercalation to determine ordinary years and leap years.
Another important point is that the fundamental elements of the calendars may be chosen according to some conventions or/and scientific foundations. For example, in Gregorian calendar, as a calendar based on convention, the length of the year is 365.2425 days; the first day of the year is the first day of January (with no important situation relative to astronomical events); the first year of the calendar is the year in which Jesus the Christ supposedly has been born (i.e. 2,011 years before January 1, 2012); and the year is divided into 12 months (from January with 31 days to February with 28 or 29 days and September with 3o days). Thus, one may find serious difficulties with the Christian Gregorian calendar: 1) there is no relation between the first day of this calendar and the first day of natural year; 2) its system of intercalation is based on convention, having no basis in astronomical events; 3) there is no conformity between its months and natural events; 4) the length of its year is not equal to the real solar year; as we will see, this causes an error in this calendar, so that the duration needed for the error in Gregorian calendar to be added up to one day is about 3,320 years; 5) it is a national or local calendar with its particular beginning year.
In official Iranian calendar, as a calendar based on astronomical foundations, the length of the year is the length of real or mean solar year; the first day of the year is determined in accordance with the moment of coincidence of the centre of the Sun and the vernal equinox during the Sun's apparent revolution around the Earth; the first year of the calendar is the year in which the prophet of Islam has immigrated from Mecca to Medina (i.e. 622 A.D.); and the year is divided into 12 months (from Farvadin with 31 days to Esfand with 29 or 30 days). As we will see below, this calendar has been established on the achievements of Jal l calendar, a calendar that has been constructed about 1079 A.D.
While the three conventional fundamental elements of Gregorian calendar (i.e. the length of the year, the first day of the year, and the length of the months) make it impossible to achieve an exact and natural intercalation system, the corresponding fundamental elements of official Iranian calendar give this calendar the chance that 1) its beginning is the beginning of natural solar year, i.e. it is determined due to the moment of coincidence of the centre of the Sun and the vernal equinox; 2) the length of its year is determined in accordance with the length of solar year, i.e. the time length between two successive apparent passages of the Sun's center across that vernal equinox; and 3) the length of its months is very close to the time of the Sun's passage across the twelve signs of the Zodiac from Aries / Farvardin to Pisces / Esfand (see below).
Therefore, paying attention to both the length of different solar years defined in astronomy and other relevant astronomical events show that three important fundamental elements of the Gregorian solar calendar have been chosen according to convention, while the Iranian calendar, both in its Jal l version and in its present official version, is a genuine solar one that in the length and the first day of its year as well as the length of its months is based not on convention, but on natural (i.e. astronomical) factors. These factors have made the Iranian calendar to be a) a natural/astronomical rather than a conventional calendar, and b) more accurate than other solar calendars such as Gregorian calendar; in fact, as many historians of science and experts in calendar studies have recognized, it has had the chance to be the most accurate calendar in the world.
1
There is, however, another important point concerning the length of the year in the official Iranian calendar that leads to a critical point concerning its intercalation system. There have been two groups of scholars debating on the existence of a proper rule for intercalation in this calendar; 1) a group of scholars (such as Abd ul-'Ali B rjand and Tagh z deh) 2 have maintained that the length accepted for Iranian calendar is a true/real solar year, so that it is not possible to give a rule for intercalation, and the "coincidence moment" must be observed year by year and for each particular year; according to such a position, one cannot deduce calendar for future years, and having a comparative calendar for finding the equivalent dates in two or more calendrical systems is not feasible; 2) the second group of scholars, believing in the existence of some rule for intercalation, divides itself into two subgroups: 2-1) scholars who believe in a great 2,820 years cycle for intercalation that consists of its own subcycles, 1 and 2-2) scholars who believe in smaller cycles such as 161 years cycle 2 or 128 years cycle 3 or 33 years cycle. 4 Taking into account some important revisions of Iranian calendar through its history, the author tries to explicate both mathematical and astronomical foundations of this calendar. The author has paid attention to some sources that might be classified into five types: 1) scientific documents of the past; 2) astronomical tables (e.g. T s 's Z j-e lKhan , and Z j-e Ulugh Beg); 3) the relevant evidence and documents remained from Jal l Calendar; 4) the works of some contemporary scholars (e.g. Zab h Behr z and Ahmad Birashk); and 5) computations done by computer, using up-to-date astronomical data. It is evident that the length of the (solar) year plays a leading role in deciding on the intercalation rule. Such an emphasis leads the author to accept the tropical year (i.e. 365.24219879 days) as the length that determines the calendar year, giving an intercalation system, as the most accurate possible one, very close to that of Behr z and Birashk 1 . Thus, the author, having his documents and grounds from the history of Persian time reckoning system and astronomical data and making use of computer, finds his intercalation system with leap years distribution very close to that of Behr z and Birashk. Calendar year and the main question of the research In the beginning, it might be useful to pay attention to some relevant concepts. First of all, it is an important point that the exact length of solar as well as lunar year is not an integer number. Solar year is defined as the time interval between two successive relative position of the Sun and the Earth. The astronomers have recognized several solar years according to the position of the observer and the reference point relative to which the repetition of the revolution of the Earth around the Sun occurs. Some of the important solar years are "sidereal year", "anomalistic year", "eclipse year", calendar year", and "tropical year". Among these different years, the calendar year and the tropical year have their own central role in our justified system of official time reckoning. The tropical year is the time interval between two successive transitions of the center of the mean Sun through a certain point in its apparent (circular) revolution around the Earth, as seen from the Earth. One may choose one of the equinoxes or solstices as the certain point suitable for measuring the tropical year. Since the tropical year is related to the apparent return of the Sun to the same tropic (from the point of view of an observer on the Earth), the astronomers have paid special attention to such a year from old times. "Thanks to his discovery of precession, Hipparchus, for the first time, made the distinction between the sidereal year and the tropical year".
which is less than ¼ day about 1/300 th of the sum of one day and night, […]". 1 Clearly, the tropical year maintained its central position in Ptolemy's Almagest too. Such an importance was transferred to the works of the astronomers of Islamic world. These astronomers tried to measure it as exact as possible. Albategnius obtained 365d + 5h + 46m + 24s, a length that was accepted by other astronomers (e.g. Mohammad Ibn Ayy b Tabar ). The author, following an old tradition of recognizing the tropical year as an appropriate accurately measurable time interval, has tried for several years to show that it is indispensable for a calendar claiming accuracy in time reckoning to accept the tropical year as the foundation of its intercalation system and determining the exact calendar years. 5 Of different values found by astronomers, the first term of Newcomb's formula is sufficiently agreeable, so that the tropical year, with a good approximation, is equal to 365.24219879 days. The coincidence moment, being the exact moment of passage of the center of the (mean) Sun from a specific point in the sky, 6 may be considered as the beginning of the year in a certain calendar. The length of the civil year is an integer number, which is accepted as the number of the total complete days included in a year. This length may be founded on the basis of astronomical year or on convention. The calendar year has two meanings: i) calendar year in its first meaning is the exact length of the year accepted in a certain calendar that must be computed as a real or mean astronomical year; in this respect one might use two calendar year, i.e. true calendar year and mean calendar year; ii) calendar year in its second meaning is a year that the number of its complete days is equal to the number of the days of the civil year. This calendar year is based on the calendar year in its first meaning. Since the length of the solar year is more than 365 days and less than 366 days, a solar calendrical system must be such that one chooses 365 or 366 for the number of the days of the solar civil year and solar calendar year in its first meaning .As we will see, the number of the complete days of our solar calendar year is 365 for ordinary years and 366 for leap ones. Each calendar has a specific day as its epoch: the epoch of a calendar is the first day of the first month of the first year of that calendar. Hence, the solar calendrical systems have two problems to be solved: 1) they must accept a particular length as the calendar year; and 2) since the number of the days of the civil year must be an integer number, the best number would be the integer number included in the solar (sidereal or anomalistic or tropical) year, i.e. 365.
The solution would be an accurate system of intercalation that would give the length of 365 days to the civil year for ordinary years, and the length of 366 days for leap years, in some big and small accurate cycles for repetition of both ordinary and leap years. Now the main question of the research is the question that how many ordinary years would be followed by a leap year? The appropriate system of intercalation of a given calendar must solve the above problems. It is evident that if the length of the solar year were 365.25, then the length of the civil year would be 365 days for three subsequent years and 366 days for the fourth year. In such a case we could say that we would have a leap year for each K= 4 years cycle. But, the length of the solar year is not 365.25 days. So the value of K is a serious problem that is depended upon the accepted length for calendar year. Moreover, since there is no exact (i.e. moment to moment) coincidence between solar year and calendar year in its second meaning (i.e. civil year), the first day of the calendar year is not fixed.
A short look at the history of Pre-Islamic Iranian time reckoning Time reckoning and calendrical system in Iran / Persia have a rich old history, from ancient developments to modern official approval.
1 There are authoritative documents of different Iranian calendrical systems, dating from the Achaemenid period. The Old Iranian calendar was a lunisolar one, with twelve thirty days months. No direct testimony survives for the intercalation system of the Achaemenid calendar. While some scholars, e.g. Hallock, hold that the system of intercalation in o thirty days on Old Iranian calendar has been the same as that of the Babylonian calendar, 2 some others, e.g. Hartner, maintain that the intercalation system has not been the same in the Old Persian and the Babylonian calendars. 3 It is not difficult to find documents for caledrical parameters, e.g. the length of the solar year, in ancient Iranian texts. As an example, "different estimates for the length of the solar year in Persia may be inferred from the different statements of the Bundahishn" that in chapter 5 gives the length as 365 days, 5 hours, and some minutes, while in chapter 25 "contains the statement that the length of the year or 'the revolution of the sun from Aries to the end of the months' was 365 d. 6 h. and some minutes. This last estimation is also given in the Denkard". 4 It seems that there have been two kinds of solar year in use: a sidereal year (held to be about 365 days, 6 hours and 13 minutes) for religious purposes, and a shorter civil one for the secular affairs of the state, both requiring occasional reforms or adjustment to fix some days of solar months for the important national or religious events. Astronomical observations, yielding astronomical tables, date back to pre-Islamic era, It seems that Zoroastrians have made use of a lunar year, 2 so that the Sassanid civil calendar was a lunar one with the addition of the epact in each year. Moreover, a solar calendar too was in use in which "the cumulative lag of an additional quarter-day per year was corrected, theoretically at least, by the intercalation of one month in every 120 years. [...] According to B r n [...] another system of intercalation was also used: insertion of one month in every 116 years in order to recover the quarter-days plus an additional one-fifth of an hour per year". 3 The beginning of the calendar in Achaemenid time reckoning was renewed with the first year of reigning of a new king. 4 This was an old method for specifying the first year of a calendar that the Persians had adopted from Babylonians. On the grounds of such a tradition, the year 632 A.D.
[ Finally, it is necessary to shortly speak of the names that Iranians used for both the months and the days of a month. One may find the names of the months for Achaemenid calendar and their Old and New Elamite and Babylonian equivalents related sources.
1 What is interesting for us in this paper is the fact that the names of the months in Zoroastrian calendar have been those names 2 that have been maintained during the Islamic era, and, finally, have been officially recognized in the new Iranian (solar Hijr ) calendar approved in 1925 A.D. [/ 1304 A.P.] (to be described below as the official Iranian calendar).
Calendrical systems in Iran of Islamic era
Before Islam, the Arabs have been made use of a lunar calendar without paying attention to exact calculations to establish a formalized official calendrical system. It seems that the Jewish tradition of time reckoning has had its influence on the Arabian one. But the Arabian tradition, having its own names for the months, was depended upon observation of the phases of the Moon, particularly for New Moon, to accept the new month of the year. The Arabs have had some traditional ceremonies the dates of which have been determined according to their lunar time reckoning. Some of these ceremonies were religious ones with the requirement to be honored in fixed days of the year. The most important ceremony was Hajj that has been held performed on the tenth day of the month Zil-Hajjah. In fact this ceremony was at once both a religious and a national one in which the Arabs have found the chance to undertake important transactions and trades. It is easily observed that the most appropriate times for Hajj have been during those weeks that a) agricultural products have been gathered, and b) the weather has been moderate.
These two conditions have been realized around the fall of each solar (seasonal) year, since the variation of the seasons takes place according to solar year. But, as we know, a lunar year is about 11 days less than a solar one. This causes the 11 days anticipation of lunar months/days/ceremonies with respect to relatively fixed months/days of solar years. It is evident that obligation to respect the lunar calendar would lead to displacement of ceremonies relative to seasonal solar year, so that it was possible that Hajj ceremony should be performed, for example, in the heart of Winter or in the heart of Summer, with not suitable weathers and some months before or after harvest time. This has been one of the reasons for Nas ', i.e. to postpone the lunar sacred months/days/ceremonies to be matched with solar fixed seasons. 1 Nas ' was banned by Qur'an at Medina, so that the lunar time reckoning was promulgate as the official sacred time reckoning method for all Muslims in all times. 
years, using a solar time reckoning instead of lunar one proved to be necessary to fix the national and religious ceremonies, especially in tax collection affairs. An official solar calendar could allow the taxes and tribute (khar j) to be collected just according to seasonal agricultural cycles. There are some reports on conversations in the second caliph's advisory council concerning the solar system of time reckoning suitable for collection of taxes in Sassanid Empire in accordance with solar calendar. It seems that the change of the beginning in Persian calendrical system has been the important factor for Persian system not to be recognized by 'Umar. 
honor as "t r kh-e jal l [= Jal l calendar], t r kh-e malek , t r kh-e malekš h , t r kh-e sult n , and t r kh-e mohdas (modern)". 2
Accordingly, as some leading astronomers have stipulated, the principal aim of recalibrating the calendar has been to fix the first day of the year (i.e. Nowr z) as the beginning of spring (the day of passing the center of the Sun from the first point of Aries. 3 Indeed, the founders of Jal l calendar had a program with a three-partite fundamental aim: i) to find the appropriate intercalation system to fix the first day of the year; ii) to determine the best day for the first day of the year in the calendar; and iii) to make official a new calendar with its own epoch. T s 4 and Ulugh Beg 5 have agreed that the first day of Jal l calendar (i.e. Jal l Nowr z (= New Day of Jal l calendar)) is a day in which the Sun enters the first degree of Aries until noon (i.e. before noon). On the basis of calendar reformation and in the framework of the new calendar, 18 days of retardation were eliminated as intercalation. 6 This elimination was called Sult n / Jal l intercalation (Kabiseh-ye Sult n / Jal l ). Similarly, the first Nowr z (i.e. the first day of the first Jal l year, corresponding to 19 th of Farvardin of 448 Yazdgerdi) was designated the Sult n New Day ("Nowr z-e malek , Nowr z-e solt n , and Nowr z-e Hamal" 1 ), a Nowr z that was to be fixed at vernal equinox due to proper computations or exact observations. The epoch (i.e. the first day of the first month of the first year) of Jal l calendar the Yazdegerd months were qualified as qad m (old) or f rs and those of the Jal l calendar as either jal l or malek ". 1 5. Its ordinary years included 365 days, while its leap years included 366 days, the extra day added to 29 days of Esfand; 6. The calendar months were true solar month, i.e. the length of the months were equal to the time length of the passage of the Sun across the 12 signs of the Zodiac. 7. According to various sources, it seems that 5 years leaps (pentaennials) have occurred for the first time in Jal l intercalation system. In spite of the fact that there is no exact document to directly show the Jal l intercalation of the length of the year for Jal l calendar, Nas r al-D n T s and the adherents of Z j-e Ulugh Beg have spoken of a) two kinds of leap years: i) the leap year after three ordinary years (which we call "tetraennial"), and ii) the leap year after four ordinary years (which we call "pentaennial"); 3 b) occurring one "pentaennial" after 7 or 8 "tetraennial"s. 4 
Iranian calendar and its fundamental elements
We choose the term "Iranian calendar" (or "Persian calendar") for our special solar time reckoning method the most important fundamental elements of which have been manifested in "Jal l calendar" and recognized in official Iranian calendar approved by an act of the Iranian national parliament. As we told, the central points for this calendar (as probably for any other solar calendar) are the length of the year and the system of intercalation, so that the Iranian calendar has undergone different stages of acceptance and rejection with regard to its important fundamental elements during its history, particularly in Islamic era. Iranians under the Umayyad and the Abbasid caliphs were adhering to their traditional national ceremonies of which the first day of the year (i.e. Nowr z) was the most important one. While both the Umayyad and Abbasid caliphs disagree with Zoroastrian cultural heritages (including the calendar), the Abbasids had no evident opposition against Nowr z and the related celebrations because of the gifts given to the rulers according to the tradition. Tagh z deh, as both an active member of the parliament and a learned researcher of the history of Iranian calendar interested in an officially recognized calendar, has played an important role in submitting the proposal of the calendar to the parliament. 3 Paying attention to the old controversies and challenges over the existence or nonexistence of a proper rule of intercalation, 4 the author has found his own grounds to believe in the necessity of searching for a possibly exact such a rule. He, based on both the historical documents of the Iranian scholars and the astronomical achievements, has argued for the necessity of accepting mean solar year for calendar, being, in fact, the tropical year. Now, it is the time of speaking of fundamental elements of Iranian calendar. In this calendar the number of the days of the civil year (or calendar year in its second meaning) is 365 for ordinary years; but it is 366 for leap years, occurring one time after each K or L years (we will see that K= 4, such leap years being called "tetraennial", and L = 5, such leap years being called "pentraennial"). 3 According to recent findings, 4 vernal equinox is circa 21 st or 22 nd of March (with 80 days from the beginning of the year), while autumnal equinox is circa 23 rd or 24 of September (with 266 days from the beginning of the year. Thus, the length of the first six months of solar year is 266 -80 = 186 days, which is equal to the sum of the lengths of the six months of Iranian solar calendar from the first day of Farvardin / Aries to the last day of Shahrivar / Vigro. A looking at the length of the months as rounded by me in the brackets, we would be justified by anonymous Rabi' Al-the intercalation system, a matter of fact that showed its importance very soon. The problem of the appropriate system of intercalation, however, remained unsolved in spite of some efforts to postulate such a system. It is evident that "true solar year" is not fixed. Therefore, it is not suitable for calendar year: calendar year must be fixed to make comparison between the dates of different calendars as well as determining the future dates possible.
The system of intercalation in Iranian calendar
As has been mentioned, the author has made use of the findings of old astronomers, the researches of two modern Iranian scholars, and up-todate calculations to establish and prove the proper system of intercalation for Iranian calendar. 1. The findings of old astronomers. I showed that, according to T s and the adherents of Z j-e Ulugh Beg, we are allowed to accept the existence of a) both "tetraennial"s (i.e. four years leaps) and "pentaennial"s (i.e. five years leaps), and b) 29 years and 33 years cycles of occurring the pentaennials in Jal l calendar. 2. The researches of two modern Iranian scholars. These two scholars are Zab h Behr z 1 and Ahmad Birashk.
2 They have accepted a system of intercalation based on a 2820 years principal cycle with its own 128 years sub-cycles, 29 or 33 years sub-sub-cycles, "tetraennial"s, and "pentaennial"s.
3. Up-to-date calculations. In our calculations, we have accepted the length of tropical year as the most appropriate length for calendar year.
As we have told, the first term of Newcomb's formula, i.e. 365.24219879 days (for the first day of January 1900), has been accepted as tropical year and mean solar year. No, choosing the tropical year as both the mean solar year and the calendar year in its first meaning, we must find a system of intercalation that the average of civil years during one principal cycle becomes equal to (or, with the best approximation, very close to) tropical year. As was said, tropical year is equal to 365.24219879 days ( 365 days + 5 hours + 48 minutes + 45.975456 seconds).
It may be written as "tropical year" = 365 days + "day fraction", in which the "day fraction" is equal to 0.24219879 days (= 5 hours + 48 minutes + 45.975456 seconds).
We must note that if the coincidence moment, being defined as the moment of passage of the (mean) Sun's center through vernal equinox, is before the midday (i.e. noon) of a certain day, then the same day would be the first day of the "new year", and the elapsed year is an ordinary year.
Since i) the difference between two subsequent coincidence moments is equal to tropical year, and ii) the midday is at 12 o'clock, we, subtracting the "day fraction) from 12 hours, may find the condition for leap/ordinary years. First of all, we find the difference between midday and the "day fraction": A = 12 hours -"day fraction" 6 hours + 11 minutes + 14.024544 seconds = 6:11:14.024544.
Suppose that the beginning [= coincidence moment] of a given year is B. Then, i) the given year is a leap year if B is inside the interval (A,B) i.e. A B 12.
ii) the given year is an ordinary year if B is outside the interval (A,12], i.e. B A and B 12, from 12:00:00 to 6:11:14.024544.
Distribution of the leap years: the best cycle, sub-cycles, and subsub cycles Now, we must find a cycle during which the coincidence moment would be repeated as exactly as possible. We will see that the most appropriate cycle is 2,820 years one. This cycle could be found via two methods. Method 1. In this method we insist on some bases: 1) if the number denoting the cycle is multiplied by tropical year, the result would be as close to an integer number as possible; 2) since the coincidence moment of the years of the beginning and the end of the cycle are at the midday, and the coincidence moment of the midcycle year is at the midnight, the cycle must be an even number; 3) we must choose a number that its sub-cycles and sub-sub-cycles have past records in the history of science. Calculations show that the best number is 2820: 365.24219879 × 2820 = 1029983.0005878 days. 0.0005878 days is about 51 seconds (a very small number, that we may neglect it as a good approximate).
Method 2.
Using tropical year, it is possible to write a computer program to form an arithmetic progression, with 12 as the first term and the day fraction as the common difference. This procedure would yield the most accurate calendar with the best cycle which begins from the beginning of the year that its coincidence moment is at the midday (i.e.12 o'clock). Using the definition of coincidence moment and leap year, the author has managed to calculate the leap years by computer. The cycle as well as its sub-cycles and sub-sub-cycles would be found during the process of the calculation.
The coincidence moment of the 1 st year of the cycle = 12 + 0×0.24219879 = 12:00:00
The coincidence moment of the 2nd year of the cycle = 12 + 1×0.24219879 = 17:48:45.975456
The coincidence moment of the 3rd year of the cycle = 12 + 2×0.24219879 = 23:37:31.950912
The coincidence moment of the 4th year of the cycle = 12 + 3×0.24219879 = 05:26:17.926368
The coincidence moment of the 5th year of the cycle = 12 + 4×0.24219879 = 11:15:3.901824
The coincidence moment of the 6th year of the cycle = 12 + 5×0.24219879 = 17:03:49.87728
According to our criterion, as mentioned above, the 5th year is a leap year, while the other years are ordinary ones. So the cycle begins with a pentaennial.
The calculation will show that this first pentaennial would be followed by 6 tetraennials. That is, starting from the beginning of the cycle (with a starting point at the noon of the first day of the first year), the following years would be leap years: 5th, 9th, 13th, 17th, 21st, 25th, and 29th. These leap years would make a 1×5 + 6×4 = 29 years subsub-cycle. Afterwards, we would see another pentaennial and 7 tetraennials. Accordingly, the next sub-sub-cycle would be a 33 (= 1×5 +7×4) years one. That is, in a 33 years sub-sub-cycle, the following years would be leap years: 5th, 9th, 13th, 17th, 21st, 25th, 29th, and 33rd.
The first 29 years sub-sub-cycle would be followed by three 33 years sub-sub-cycles. After these four sub-sub-cycles (i.e. one 29 years subsub-cycle and three 33 years sub-sub-cycles) we will observe another 29 years sub-sub-cycle followed by three 33 years sub-sub-cycles. Accordingly, it seems that there is a 128 (=1×29 + 3×33) years subcycle. Yes! This is so! But sometimes we will observe that the number of 33 years sub-sub-cycles would be not 3 but 4, so that there would be a 161 (=1×29 + 4×33) years sub-cycle. Computation will show that the 2,820 years cycle will be completed with following sub-cycles: 1×128 years + 4 (4×128 years + 161 years) = 2,820 years. Now we summarize the cycle as follows: 1×5 = 5 (the first pentaennial occurring at the beginning of a 29 or 33 years sub-sub-cycle) 6×4 = 24 or 7×4 = 28 (tetraennials occurring in a 29 or a 33 years sub-sub-cycle) 1×5 + 6×4 = 29 (the first sub-sub-cycle occurring in a 128 years sub-cycle) 1×5 + 7×4 = 33 (33 years sub-sub-cycles occurring in a 128 years sub-cycle) 1×29 + 3×33 = 128 (a kind of sub-cycles occurring in the 2820 years cycle) 1×29 + 4×33 = 161 (another kind of sub-cycles occurring in the 2820 years cycle) 1×128 + 4×128 + 1×161 + 4×128 + 1×161 + 4×128 + 1×161 + 4×128 + 1×161 = 128 + 4 (4×128 + 161) = 2,820 (the complete cycle). We find the 2,820 years cycle in Behr z, and, following him, Birashk. Behr z gives some historical evidence and documents for his finding. We have no idea concerning his documents and arguments. Of course, there is a difference between the result of our calculation and Behr z / Birashk achievement: there is no 161 years sub-cycle in their 2,820 years principal cycle, leading some differences in the distribution of leap years. Their 2,820 years cycle in terms of sub-cycles and subsub-cycles is as follows:
The difference in the distribution of leap years leads to 16 differences in the places of tetraennials and pentaennials, which may be neglected as a good approximation. Now one might criticize T s and the adherents of Z j-e Ulugh Beg in respect to two points: i) as it is evident, our result is in opposition to the opinion of T s and the adherents of Z j-e Ulugh Beg about the place of pentaennials, i.e. not in the beginning of the 29 years and 33 years sub-sub-cycles, but in the end of them; ii) they have spoken of occurring one "pentaennial" after 7 or 8 "tetraennial"s 1 (i.e. 7×4 + 1×5 = 33 years and 8×4 + 1×5 = 37 years), while, as we told, the cycles of occurring the pentaennials according to T s 's Z j-e l-khan are 33, 33, 33, 33, 29, 33, and 33 in which there is no 37 years cycle; instead there is a 29 years cycle in which there is one "pentaennial" (of course not after but before 6 "tetraennial"s) without being expressed explicitly.
The accuracy of Iranian calendar
We need the number of leap years of a 2,820 years cycle in order to calculate the day fraction for Iranian calendar. In spite of 16 differences in the places of tetraennials and pentaennials, there is no difference in the number of both leap and ordinary years among our computation and Behr z / Birashk achievement. The distribution of the leap years in our 2,820 years cycle is as follows: These numbers, for leap and ordinary years, are seen in Behr z / Birashk 2,820 years cycle too. Now we may find the day fraction and mean calendar year: DF = 683 2,820 = 0.24219858
Mean calendar year is equal to 365 + 0.24219858 (very close to tropical year, according to both Newcomb and Borkowski). Of course, such a result is not a surprising for our method in which we have started with day fraction of Newcomb's tropical year (i.e. the first term of the Newcomb's formula). But one may find it interesting that Behr z has length, a first day of the year, and a beginning year. It is evident that there are serious difficulties both in relation to the errors occurred in most existent calendars and in comparing the dates in two calendars.
According to the mismatch of lunar calendars with seasonal year, they cause some difficulties in comparison with solar calendars. Thus the calendars of interest in this paper are the solar ones. These calendars are of two kinds: 1) those established according to astronomical proper events, and 2) those constructed on some conventions or contracts among the people of a society. The conventional character of the latter kind, without any direct coincidence with astronomical year and natural events, has been a negative point that Iranians have tried to abandon.
Comparative study of different calendars of the past and the present shows a spectrum of accuracy according to the fact that how close their years are to real solar year. Another important fact in time reckoning is the moment of passage of the center of the (mean) Sun from the vernal equinox.
Since the solar year length is not an integer number (i.e. not having integer number of days) but has a day fraction, it has been needed to apply an exact or approximate intercalation method. In this regard, the scholars, from ancient times up to the present, have been divided into two groups: i) those who have not accepted any proper rule for computing the kind of the future years beforehand, and ii) those who have accepted a proper rule. Of course, these scholars themselves have suggested different rules.
On the grounds of both historical documents and astronomical data, the author believes in the existence of a proper rule for intercalation, and argues for the necessity of accepting a) the tropical year as the "mean solar year" suitable for finding an accurate intercalation method and a good calendrical system, on the one hand, and b) the moment of coincidence of the center of the Sun and vernal equinox as the proper moment for distinguishing the new (coming) year from the old (passing) one.
The author has made use of some historical documents (with critically analyzing them), the achievements of modern researchers of the field of calendar studies, modern astronomical findings, and computer calculation to argue for the fundamental importance of three fundamental elements of the Iranian calendar as the most accurate model for the solar calendars: the best calendar is one that 1) its first day of the year is the same as the first day of astronomical year (e. i. the day specified on the basis of the coincidence of Sun's center and vernal equinox); It has been shown in the paper that the best first day of a calendar is the day in which the passage of the Sun's center from the vernal equinox occurs between 6:11:14.024544 and 12:00:00 (midnight being 00:00:00); 2) its year length is determined according to tropical year as the mean solar year; 3) the main division of its year, i.e. division into months, is in accordance to the time interval needed for the Sun to transverse across each corresponding Zodiac sign. The first two fundamental elements guarantee to establish the best intercalation system and the most accurate possible calendar. The conformity of the calendar with natural (seasonal) year becomes complete by the third fundamental element.
